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Abstract

The equations of motion for the flexural-flexural-torsional-extensional dynamics of a beam are generalized to the field
of axially moving continua by including the effects of translation speed and initial tension. The governing equations are
simplified on the basis of physically justifiable assumptions and are shown to reduce to simpler models published in the
literature. The resulting nonlinear equations of motion are used to investigate the flexural-torsional buckling of translating
continua such as belts and tapes caused by parallel pulley misalignment.

The effect of pulley misalignment on the steady motion (equilibrium) solutions and the bifurcation characteristics of the
system are investigated numerically. The system undergoes multiple pitchfork bifurcations as misalignment is increased,
with out-of-plane equilibria born at each bifurcation. The amount of misalignment to cause buckling and the post-buckled
shapes are determined for various translation speeds and ratios of the flexural stiffnesses in the two bending planes.
Increasing translation speed decreases the misalignment necessary to cause flexural-torsional buckling. In Part II of the
present work, the stability and vibration characteristics of the planar and non-planar equilibria are analyzed.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The present work examines the mechanics of translating, beam-like continua that exhibit complex equilib-
ria as a result of boundary misalignment. More specifically, this work considers beams of small aspect ratio for
which the bending stiffnesses in two planes have large disparity, examples of which include belt drives, tape
drives, and band saw blades. Under the action of boundary misalignment in the plane of larger bending
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stiffness, these axially moving beams experience flexural-torsional buckling into a three-dimensional post-
buckled state.

The translating continuum model has direct application to automotive belt-pulley systems undergoing par-
allel pulley misalignment, where the center of one pulley is displaced in the plane of larger belt bending stiff-
ness. Prediction of a threshold misalignment to cause buckling is necessary to establish tolerances for robust
design. Similar boundary misalignment issues arise in tape drives and band saws.

Previous relevant research divides into three areas: flexural-torsional buckling of beams, three-dimensional
equilibrium shapes of beams, and flexural-torsional buckling of translating beams. Of these, flexural-torsional
buckling of stationary beams occupies the most literature. The present research does not consider thin-walled
beams such as [-beams where cross-sectional warping becomes significant (Vlasov, 1961): flexural-torsional
buckling of thin-walled beams occupies its own place in the literature (Trahair, 1993) and is not considered.

The first published works on flexural-torsional buckling known to the authors appeared in 1899 (Michell,
1899; Prandtl, 1899) for thin, rectangular, solid beams. Michell considers five different configurations and in
each case neglects the bending curvature in the plane of greatest flexural rigidity prior to buckling. Because in
each case the beam is loaded parallel to this plane, the effect of bending prior to buckling is neglected. Prandtl
develops the same theory as Michell but generalizes it to include the first order effect of the principal bending
curvature.

Hodges and Peters (1975) derive a general buckling equation that includes effects not considered by Michell
and Prandtl. They then apply a first order approximation to the principal bending curvature and show the
resulting buckling equations are actually simpler than those previously published. An historical review of
the developments between Michell and Prandtl’s work and that of Hodges and Peters is given in Reissner
(1979), where transverse shear deformation is included. Milisavljevic (1995) considers the flexural-torsional
stability of a cantilever in the presence of shape and load imperfections. Hodges (2001) considers flexural-tor-
sional flutter instabilities that arise from a deep cantilever loaded by a lateral follower force at the tip.

In all works discussed, the flexural-torsional stability of specific systems is analyzed. Michell (1899) consid-
ers five systems, Timoshenko (1936) looks at several others, Hodges and Peters (1975) consider only a canti-
lever with a transverse end load, while Milisavljevic (1995) considers a cantilever with a simultaneous
distributed force and an axial force. None include beam translation speed, pre-tensioning, or extension as con-
sidered herein. Even without these effects, however, the authors have not found published work on the con-
figuration considered in the present work, namely buckling due to boundary displacement such as pulley
misalignment.

Much of the literature on flexural-torsional buckling determines the buckling loads without exploring the
three-dimensional shape of the buckled member. Raboud et al. (1996) determined various three-dimensional
equilibrium shapes of an inextensible cantilever beam loaded by constant tip or uniform distributed loads.
Multiple equilibria are found using a numerical shooting procedure. The potential energies of the post-buckled
shapes are used to compare the configurations, but the local stability of each configuration is not addressed.
Later, Raboud et al. (2001) examined the stability of the same system except only constant tip loads are
considered.

The literature on translating beams is vast, but the literature on flexural-torsional buckling of translating
beams is very sparse. The first work in this area was published by Mote (1968), who was motivated by the
buckling of band saw blades under edge loads. He models the ends of the beam as simply supported and ne-
glects flexure in the direction of loading. It is shown that transport velocity lowers the critical edge load. After
this work little, if any, similar work was done in this area.

Other previous related research falls into the areas of axially moving beams and three-dimensional beam
theories. The axially moving beam literature addresses mainly systems undergoing solely transverse or some-
times transverse-extensional motion. A translating beam theory that includes geometric and inertia nonlinear-
ities arising from three-dimensional motion does not exist in the literature. For stationary beams in the
absence of initial tension, Crespo da Silva and Glynn (1978) developed such a model for inextensible beams.
This work was later generalized to extensible beams (Crespo da Silva, 1988). The three-dimensional translating
beam theory developed in the present work further generalizes this model to include translation speed and ini-
tial tension. In addition, the present work applies a different reduction scheme than used in Crespo da Silva
(1988) to simplify the equations of motion.
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The present work focuses on system modeling, equilibria, and bifurcation behavior. After discussing the
system and some underlying assumptions, the three-dimensional kinematics of a translating beam including
geometric and inertia nonlinearities are discussed, followed by derivations of the strain energy and kinetic en-
ergy expressions. Hamilton’s principle is used to obtain the equations of motion. The non-dimensional equa-
tions of motion are simplified on the basis of physically justifiable assumptions for the boundary conditions of
interest. Next, equilibria are determined for changing misalignment. Planar equilibria are determined and
characteristics of the bifurcation points are discussed. The effect of translation speed and flexural stiffness ratio
on the bifurcation points is explored. Following discussion of the planar equilibria, the post-buckled out-of-
plane equilibria are studied. In part II of this paper (Orloske and Parker, this issue), the equations of motion
are linearized about an arbitrary equilibrium configuration and vibration and stability analysis of the equilib-
ria are conducted.

2. Problem formulation

This work models a single span of a belt-pulley or band-wheel system such as occur in belt drives, tape
drives, band saws, etc. The continuum is modeled as a translating beam. It is assumed that there is no inter-
action between the free span being modeled and the bounding pulleys. An example system is illustrated in
Fig. 1. The E, direction is along the centroidal axis of the undeformed free span. E, is in the plane of the pul-
leys orthogonal to E;. E; completes the right-handed orthonormal basis.

The general assumptions regarding the system are listed here, with more specific assumptions given were
used later:

{1} The beam translation speed ¢ remains constant before and after deformation.

{2} Prior to deformation, the tension 7 is constant and the beam is straight.

{3} The detachment and attachment points, points G and H in Fig. 1, are stationary during deformation.
{4} During deformation the beam does not slip on the pulleys.

{5} Gravitational acceleration, structural damping, and any interactions with the environment are neglected.

Assumption {2} must be explicitly stated because in actuality a continuum wrapping on pulleys has a small
initial curvature in the E;—E, plane and non-uniform tension due to axial translation and wrapping of a non-
zero flexural stiffness medium about circular pulleys (Kong and Parker, 2003, 2005).

2.1. Kinematics

Let 3" denote the reference configuration of the beam when the only deformation is due to initial tension.

This configuration will also be referred to as the trivial equilibrium. 5" denotes the final configuration of the
beam. The beam translates in both configurations. The orthonormal triad E; is centered at point G. Arclength

EZ
G - belt detachment point
= / H - belt attachment point
E3
direction of belt
pulley 1 translation

pulley 2

Fig. 1. An example of a belt-pulley system where the free span between points G and H represents an arbitrary free span in any belt-pulley
system.
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is measured along the beam’s centroidal axis starting at point G. The arclength in the " configuration is de-
noted by x and the arclength in the y' configuration is denoted by s.

Fig. 2 shows the beam in the y* and ;' configurations. Consider a cross-section in y* parallel to the E,—E;
plane. The centroid of this cross-section is point M". The body-fixed Cartesian triad e; is centered at M", and e;
aligns with E, in z*. When deformation occurs, M" displaces to point M". The components of this displacement
with respect to Eq, E,, and E; are u, v, and w, respectively. The orientation of e; with respect to E, is obtained
by three successive Euler angle rotations. The details of this transformation and the definition of the Euler
angles are displayed in Fig. 3. Triads I, and m; are used only as intermediate triads for this transformation.

The following assumptions are made:

{6} Cross-sectional warping due to torsion is neglected.
{7} In-plane cross-sectional distortion, such as that arising from Poisson’s ratio, is neglected.
{8} All cross-sections remain perpendicular to the beam centerline.

Assumption {6} is relaxed later in the development to account for the torsional rigidity of a non-circular
cross-section. Assumptions {6} and {8} together imply that plane sections remain plane. Assumptions {6},
{7}, and {8} together imply that at each position along the centroidal axis the cross-section acts as a two-
dimensional rigid body moving in three-dimensional space. The translation of a cross-section is given by u,
v, and w, and the orientation is described by o« =, ¢, 0. Assumption {8} implies that rotation of the
cross-section is due to bending and torsion alone. Consequently, the six degrees of freedom are not indepen-
dent. Fig. 4 illustrates the following relationships between the first two Euler angle rotations and the compo-
nents of displacement:

/ /

v
tanlﬁzm, tand):— (1>

M"| N'
3 E,

X E

Fig. 2. Beam model in the 5" and y' configurations. The right side is cut to show an arbitrary cross-section.

m3

I3

Fig. 3. Sequence of rotations (from left to right) that brings E; into e;.
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dx [ (1+u)2 + V2 ]12

dx u'dx m;
ls

Fig. 4. Relation between rotations and displacement. The vectors E;, I;, and m; are only used to illustrate direction and, only in this figure,
are not necessarily unit vectors.

where prime denotes differentiation with respect to x. With these constraints there are four independent de-
grees of freedom at each position along the centroidal axis.

Consider the infinitesimal line segment M* to N of length dx on the centroidal axis of the beam in Fig. 2.
The position of N' with respect to M is

Iy = (dx + u’dx)El —+ U,dez =+ W,de3 (2)
By definition, the length of the line segment M to N'is ds. Using this along with (2) gives

Os 2 . . _ Os—0x 2 . .

a:\/(l—ﬁ—u) F02 4w ey = o 7\/(1+u)—|—02+w2—1 (3)

where ¢ is the axial strain of the centroidal axis.
The angular velocity o at a given cross-section is

Dt- =wXe 4)

where D/D¢ is the material derivative. Using Fig. 3 the angular velocity is
o=+ )+ (¢ + o)+ (0 + 0c)e; = weer + wyer + e (5)

where the dot denotes differentiation with respect to time. The convective velocity terms y/'c, ¢'c, and 0'c result
from the changing position x of a material particle and the material derivative, e.g., Dy(x,)/Dt = + {/c.
The components of w are

w;=(0+0¢)— () +yc)sing
Wy, = (Y +/c) cos ¢ sin 0 + (¢ + ¢'c) cos B (6)
W = (l'ﬁ +y/c) cos ¢ cos O — ((j& + ¢'c)sin0

Kirchhoff’s kinetic analogy (Love, 1944) relating angular velocity to curvature is used to arrive at an expres-

sion for curvature. To invoke the analogy the convective terms in the material derivative are not included. This
is equivalent to vanishing translation speed ¢, in which case the angular velocity @ is defined by

Oe;
ot
The components of @ on the e; basis are

=wxe forc=0 (7)

W = 0 — rsin ¢
W, = Y cos ¢ sin 0 + ¢ cos 0 (8)
O = Y cos ¢ cos O — ¢ sin O
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The curvature vector k of the centroidal axis is defined as

oe; .
— =K Xe 9
2 9)

Using Kirchhoff’s kinetic analogy the components of & on the e; basis are obtained by changing the time deriv-
atives in (8) to spatial derivatives. This gives

Re= 0" —ysing
i}y =y cosdsinb+ ¢ cosh (10)
k; =y  cospcosl — ¢ sin0

where plus (+) denotes differentiation with respect to s and &, «,, and & are components of k. Using (3) and
the chain rule in (10) gives

ke =0 —y'sing
i, = Y cos ¢ sin O + ¢’ cos 6 (11)
k; = cospcost — ¢'sin 0
where
Ka:kd(l+eo) a:€7n7c (12)
By comparing (9)—(11), it is clear that (11) expresses the e; components of a vector x defined by
% =K X € (13)

The components of k are not the traditional curvatures unless the beam is inextensible (Pai and Nayfeh, 1990),
in which case ¢y = 0 and ds = dx. Traditional curvatures describe how the e; basis changes with the arclength s
of the current configuration. The curvatures needed in the remainder of this work describe how the e; basis
changes with the arclength x of the reference configuration.

2.2. Strain energy
Some additional assumptions are

{9} The strains are infinitesimal.
{10} The beam is a linear, elastic continuum.

Let point P" be any material point on a given cross-section in the reference configuration and let &, 5, and
denote the coordinates with respect to the body-fixed triad e;, When the beam deforms, P* moves to P'. Recall
that in y', ¢; and E, align, so the position of P relative to the detachment point (G in Fig. 1) is

rp = (x + ct)Ey + nE; + (E; (14)

Assumption {6} is now relaxed and replaced with the following assumption:

{11} Cross-sectional warping due to torsion is neglected with the exception of its influence on the torsional
rigidity.

Considering a static deflection for torsional rigidity purposes, P* experiences a small axial displacement d
due to warping. This displacement is modeled as

dey = f(n,{)r:e (15)

where f{(n, () is the warping function and . is the e; component of x. The displacement d exists because when a
non-circular cross-section undergoes torsion, plane sections do not remain plane (Timoshenko and Goodier,
1970). As stated in assumption {11}, the sole purpose of including d is to account for the torsional rigidity of a
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non-circular cross-section. To include this effect for a single purpose one must make assumptions to neglect
other effects of axial warping. Eq. (15) is from the problem of static uniform torsion of prismatic bars and
was solved by Saint-Venant (Timoshenko and Goodier, 1970). When torsion is not uniform along the pris-
matic continuum there are additional axial stresses due to local suppression of warping. These additional stres-
ses produce a greater torsional stiffness than would be calculated by Saint-Venant’s uniform torsion solution
for the same « (Ritchie and Leevers, 1999). If k. is not constant, (15) no longer holds at a given cross-section.
This difference is ignored in this work. Hence, the torsional warping model is summarized by the following
assumption:

{12} A Saint-Venant torsion model is used regardless of the axial variation of .
This implies that at a given cross-section, the beam’s torsional cross-sectional warping is decoupled from

bending and is from uniform torsion with a constant value of x, where «; is the value at that cross-section.
With the above torsion model, the position of P' relative to G is

rh = (x +u+ct)Ey + vE;y + wEs + frcce; + ney + es (16)
The Lagrangian finite strain tensor L is obtained using
dry - dxp —drx, -diry =dr, - 2Ldx} (17)
where d,o is the differential of  holding time fixed. The differential elements are
d,l':) = dXEl + dnEz + dé’Eg, (18)
0 0
d,l‘fl; = [(1 —+ u’)El —+ U/Ez + W/E:;]dx —+ K¢ (a{’]‘ dl/[ + a]gd(:) €
+ dney + dles + (free; + ne; + (ey)dx (19)
Noting that the axial strain of the centerline (n = { = 0) is in the e direction and using (3) yields
(1 —+ u')El —+ U’Ez —+ W,E3 = (60 —+ 1)81 (20)
Use of (13) and (20) in (19) gives
of 0
d,l'i;. = —fdi’[lQ + —deIQ + (eo + l)dx e + di’]ez
on ol
+ dles + [(r:er + €2 + Kies) X (frzer + ey + (es)dx] (21)

Egs. (18) and (21) are used on the left-hand side of (17), which is then factored to yield the following compo-
nents of L = [¢;] with respect to the E; ® E; basis

g =ée' —|—l[(e*)2 + Kff(’? _fKn)z + Ké(fk'ﬁ - Qz]

2
IRYCAN 1\, lafaf
=y () B =g () B g 2
1 Lof 1 Lof
812_§Ké|:(1+6)&+f16;—(:| 813_§K5|:(1+€)a—€+7]—f1(3,7

where e* = ey + (k,, — ni is the axial strain of any line segment off the centerline. From assumption {9}, the
strains are infinitesimal and it follows that e*, k:(0f/0n), and x9f/3() are small. The strains are linearized in
these quantities. As stated in {11}, fis only included to account for the torsional rigidity, and assumption {12}
further states the torsional rigidity of interest is that which arises from a Saint-Venant torsion model. Since
Saint-Venant torsion models pure torsion and not a combination of torsion and bending, the terms fi, and
Ji¢ arising from coupled bending and torsion are removed in adherence to assumptions {11} and {12}. With
these simplifications, (22) reduces to
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1
g =e +2xc(172+C2), en =0, e3=0

(23)
1 1
612=—K5(2{; 5)7 81325'%(2_/;‘“1)7 &3 =0

To determine the strain energy, the following additional assumptions are stated:

{13} The material is isotropic.

{14} The material properties are homogeneous.

{15} The cross-section is symmetric about each of the E;—E, and E;—E; planes and does not vary along the
length of the beam.

The initial tension T causes the beam to have uniaxial stress 7/A4 in the reference configuration, where 4 is
the cross-sectional area. When the beam experiences a strain &, away from ', the initial tension causes a
strain energy per unit volume of (7/A)e;;. The strain energy per unit length is

1 T
U= 3 // (22811 + onén + 0nén + 033833 + 0Y;n +013Y13 + 023“/23) dnd{ (24)
y

where o;; are stress increments of o' relative to ', and 7;; are engineering shear strain components that are re-
lated to the tensorial shear strain components by ¢; = y;/2. Using assumptions {7} and {13}, the constitutive
equations are

oy =Eey, op =Gy, op3=G0G; (25)

where E and G are Young’s modulus and the shear modulus, respectively. Due to assumption {14} the mass
centroid and area centroid of a cross-section coincide, giving

[ [ neanac= [ [aanac= [ [ canac=o (26)

Insertion of (23), (25) and (26) into (24) gives

*K4E// + ) dndl + = K%E//CKW—WKg )(n? +C)dnd(+ KZD +3 K2D +;K5D

| 1
+ 2e0EA += ke (eo + EA) (D, + Dy) + Tey (27)

where cross-sectional area and the flexural rigidities are defined as

A://Adnd(,, D,,:E//Aizdndc, D;:E//Anzdndé (28)

and where torsional rigidity is defined as (Love, 1944)

o L[ o

Values of the integral in (29) are tabulated for various cross-sectional shapes (Timoshenko and Goodier,
1970). Due to assumption {15}, moments of area of order three are zero, and the second term on the
right-hand side of (27) vanishes. The first term on the right-hand side of (27) contains a higher order moment
of area and its contribution to the equations of motion is neglected. This is justified when the cross-sectional
dimensions are small compared to the length. The assumption is

{16} moments of area of order four are neglected.



K. Orloske et al. | International Journal of Solids and Structures 43 (2006) 42974322 4305

The final expression for strain energy per unit length is

1
U = |KkiD;: + ;D + K2D; + yEA + i <60+

5 d ) (D, + D;) + 2Tey (30)

EA
where the x; are defined in (11).
2.3. Kinetic energy

The kinetic energy per unit length of a translating beam is given by

1
K:—//f{,-f{,pdndg (31)
2J Ja
where p is density and r}, is defined in (16). Eq. (16) is decomposed as
rh=rg+r (32)

where rg and r, are the terms expressed in (16) on the E; and e; bases, respectively. It follows that

i b = Fg P e - Fe + 20 - T (33)
Recognizing that the material derivative introduces convective velocity terms, rg is

e =(u+uc+c)E+ (04 Ve)Ey+ (w+ we)E; (34)

Using assumption {7}, the terms jje; and (e are zero in the expression for f. From assumption {11}, the con-
tribution of cross-sectional warping to kinetic energy is neglected. With these assumptions and (4), the expres-
sion for r, is

fe = (0,{ — on)er — w:le; + wenes (35)

Using (34) and (35), when the term 2fyg - I in (33) is integrated over the cross-section in (31) it vanishes due to
(26). Using (31)—(35) and assumption {14}, the kinetic energy per unit length is

1
K= E{m[(u —|—u'c—|—c)2 + (0 + L/c)2 + (w+ w’c) ] —&—jgw +an —|—]gwf} (36)

where m is the mass per unit length and the mass moments of inertia per unit length are defined as
jﬁﬂ//CzdndG jgzp//ffdndé Je=Jy +Jc (37)
A A

2.4. Nonlinear equations of motion

The variation of the specific Lagrangian /= K — U is

15
ol
ol = - aazi (38)

where the z; are components of

7= {w? ¢) 0) l:t7 1.)7 w? llp? é’ 9) ul? v’? W,7 lpl’ ¢l’ 9/}T (39)
The holonomic constraints in (1) yield
S aw gw/é‘) ', 8¢ = 6¢ Zdi "+ a¢,6 (40)

The system studied in this work is not subjected to any non-conservative forces, and the misalignment caus-
ing buckling occurs as an imposed inhomogencous boundary condition at x = L; there is no virtual work
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expression. Application of Hamilton’s principle, ft’f fOL d/dxdt = 0, yields the following equations of motion
and boundary conditions:

6 /
G, (Aw "0+A —d)——l) =m+cd) o=uov,w

oo Pox o (41)
Ay =0
o1 9?1l
b=gmtare aw 2090 (42)
<Hu5u + H,80 + H,dW' — G,0u — G,dv — GWSW—FaaQI/SO) =0, i=0,L (43)
ol oy ol 0 .

= 44
o e ag dw T MUY (44)
When tension and translation speed are zero, (41)—(44) reduce to the equations in Crespo da Silva (1988) for a
stationary, untensioned, flexural-flexural-torsional-extensional beam. (The equation for the Lagrange multi-
plier in Crespo da Silva (1988) has a typographical error that is addressed in a footnote in Crespo da Silva
(1991).)
The non-dimensional variables used in this work are

~ OC( ;_ /
o= I oc—axuvw =

D:

L’ —— =
b=tz Bi=p P TL2’ H= EA (45)
. 2
~ ]0 ~. ~. mL
= « = KyL, o — Wo\| —=— =G,
Jo=ora Ka=kad, Gn= o\ (0= 6,0

where « is the boundary misalignment along Ez. The expressions for i, and @, take the same form as (11) and
(6) with the primes denoting the derivative with respect to &, the dots denoting the derivative with respect to 7,
and all ¢’s replaced by ¢. The dimensionless specific Lagrangian is

~
=7
1 L a2 Lo ND T A2 % A2 A2
5[(u+uc+c) +@+e) +(w+we) +j50)5+],1a),1+]§60d
ﬁc z 1 2 ~2 BC 2 46
—2 K+ B, -‘rﬂgKL-‘r;eO-i-Ké(eo-i-,U) ﬁ_n+ﬁg + 2ep (46)

where again prime denotes the derivative with respect to X and dot denotes the derivative with respect to 7.

Hamilton’s principle then takes the form fltf fol 81dxd7 = 0. The non-dimensional equations of motion and
boundary conditions are the same as in (41)—(44) except non-dimensional quantities are used and all deriva-
tives are with respect to non-dimensional space and time.

2.5. Application to parallel pulley misalignment

For the remainder of this work, the three-dimensional translating beam theory developed in previous sec-
tions is applied to a continuum (belt, tape, band saw, etc.) undergoing parallel pulley misalignment. Under
parallel pulley misalignment, the center of one pulley is displaced an amount « in the Ez direction.

Both span boundaries are modeled as clamped in the E;—E, and E;—E; planes. Assumptions {3} and {4}
imply the beam adheres to the surface of the pulley beyond points G and H (Fig. 1). This is reasonable con-
sidering factors such as tension and frictional forces contribute to belt adhesion on the pulleys. Also, many
belts have ribs that ride in grooves on the pulleys. At point G, for example, this provides a contact force
against motion in the E;3 direction and adds frictional forces against motion in the E, direction. Because
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the assumptions imply the belt adheres to the surface of the pulley directly beyond the span boundaries, the
clamped boundary condition avoids a slope discontinuity at the boundaries.

The misalignment is modeled as an inhomogeneous boundary condition occurring at one end. The bound-
ary conditions are

ﬁlx:i = l~]|x:i = glx:i = l;/|x:i = ‘;‘;/|x:i = 07 i = 0’ 1

(47)

1/~V‘)r:0 = 07 w|x:1 =a

2.6. Reduction of the equations of motion

The full nonlinear equations of motion given by (41) have structural features that make their solution dif-
ficult for the boundary conditions used in this work. In this section these difficulties are discussed and a reduc-
tion of the equations to a simpler form that avoids these issues is presented. Unless otherwise stated, non-
dimensional variables will be used and the tildes dropped for convenience.

When (41) are fully expanded the resulting equations contain four spatial derivatives of u, v, and w and
three spatial derivatives of 0. The boundary conjunct (43), however, yields only one boundary condition at
each of x =0, 1 for 6. Only two boundary conditions are apparent for a third order boundary value problem
for 0. In addition, H,, in (43) vanishes for clamped—clamped boundary conditions. In other words, the natural
boundary conditions associated with #’ at x =0, 1 are automatically satisfied for clamped—clamped bound-
aries. The cause of this can be noted in (44) where the term Oy/0u’ =0 when v’ =0 and the term 0¢/
Ou’ = 0 when w' = 0. Therefore, when (41) are fully expanded in terms of u, v, w, and 0, boundary conditions
appear to be missing. While Hamilton’s principle will generate a well-posed problem with sufficient equations
and boundary conditions to obtain a solution, these occur here in an imbalanced form where there are three
fewer boundary conditions than total order of the spatial derivatives in the governing equations. This compli-
cates any numerical or analytical solution. In a simpler system, mathematical manipulations would likely al-
low reformulation in a balanced form, but the length of the present equations precludes this. This issue is
resolved, however, by a physically justifiable assumption that is later verified.

All terms containing 6" originate from higher order terms in x: and we. x; in (11) contains two distinct
components, namely, the cross-sectional twist, 0’, and the geometric torsion, Y’ sin ¢p. The cross-sectional twist
results from the final Euler angle rotation of the cross-section about the e; axis. The geometric torsion arises
from centerline displacements regardless of cross-sectional considerations and is non-zero only when the cen-
terline has both curvature in the e; — e3 (¢; — ;) plane and non-zero displacement in the e, (e3) direction. The
expression for o, contains analogous components. The terms containing 0" originate from the geometric tor-
sion components of x; and wg.

When a clamped-clamped beam undergoes transverse displacement, midplane stretching is important, so
the inextensibility assumption was not used. The axial stiffness of a belt, band saw, tape drive, or the like is
typically much higher than the flexural and torsional stiffnesses. Due to this property, when a clamped-
clamped beam experiences transverse displacement, midplane stretching is resisted by the relatively high axial
stiffness. From (3), axial strain is not a function of 60, so a high axial stiffness does not resist twist. For this
reason, when the beam buckles out-of-plane as in the problem of interest, one expects the twist to be much
larger than the geometric torsion. Therefore, the following assumption is made:

{17} The geometric torsion components of x: and w; are neglected.

Under this assumption
Kg = 0,

. (48)

w:=0+0¢c

In general, 0 is not a true twisting angle, as stated in Pai and Nayfeh (1990): “It can be shown that any
twist variable [0], defined using a sequence of three Euler-like rotations or even two sequential rotations, is
not a real twisting angle because the deformations u, v, w, and [0] do not occur in sequence as assumed in
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the mathematical model that uses Euler angles.” A true cross-sectional twist angle, y, can be defined by
ke =7'. As a consequence of assumption {17} 6 becomes a true twist angle.

For assumption {17} to be appropriate the geometric torsion must be small and small compared to the
twist. The geometric torsion is a function of the derivatives of u, v, and w. Therefore, u, v, w, and their deriv-
atives are ordered as small quantities using the expansion parameter ¢ where ¢ < 1 is a small parameter of
magnitude & = O(y/z). Under this definition, the strain u = T/EA that brings the system from the undeformed
configuration into the tensioned reference configuration is O(¢*). Due to the boundary conditions (47), longi-
tudinal displacement occurs only as a result of axial strain arising from transverse displacement. Thus, it is
reasonable to order u and its derivatives as O(¢%), while v, w, and their derivatives are O(¢). 0 and its derivatives
are specified as being O(1).

Taylor series expansion of the equations of motion, including the reduced expressions in (48), is performed
through order ¢*. The reduced equations of motion and boundary conditions are

~1

G,=o0+dec, o=uv,w

~ (49)
Gy =0

(H,8u + H,50 + H,w — G,du — G,dv — G,,dw+ Hyd0),_. =0, i=0,1 (50)

where expressions for the G, and H, are given in Appendix A. As a result of this reduction #” and u'¥ (fourth
spatial derivative) terms are removed. In addition, by invoking assumption {17} the highest spatial derivative
of 0 is now two. Like H,, in (43), H, in (50) also vanishes for clamped—clamped boundary conditions. Con-
sequently, for a clamped-clamped beam the equations of motion are reduced to a balanced form in which
the number of boundary conditions matches the number of spatial derivatives.

The equations of motion reduce to the well-known equations for flexural-extensional motion of a translat-
ing, tensioned beam (Mote and Wu, 1985; Wang and Mote, 1986; Wickert, 1992). To reduce (49) to the flex-
ural-extensional model, 0, w, and mass moments of inertia are set to zero. The resulting equations are cast in
dimensional form for comparison, giving

3
mii + 2mcil + mc*u” — EAV'Y" — EAW" — D'v"Y — Do"v" + 2EAVV'W + EAV*W" + EEAUBU” + " =0
(51)

. 3
mi + 2metv + mc*v" — EAu'v" — EAu"v — EEAU,ZU" — T +D"Y =0 (52)

Egs. (51) and (52) match the corresponding equations in Mote and Wu (1985), Wang and Mote (1986) and
Wickert (1992) with the exception that (51) contains the additional terms (EAv™u') +3EAV”v" + Tv'v"—
(D:v'v")". The term —(Dv'v")" originates from higher order terms in x; included in the present work. The
other additional terms originate from higher order terms in the axial strain. To get exact agreement with
the previously published model ¢, in (3) and «; in (11) must be reduced to

1
o — )2
ey =1u —|-2U (53)

3. Equilibrium analysis

The equations governing steady motions (referred to herein as equilibria) are obtained by setting all time
derivatives to zero in (49). The boundary conditions are given in (47). The deformation results from boundary
displacement in the Ej; direction, w|,—; = @ in dimensionless form.

Because the equilibrium equations are linear in the highest spatial derivatives, the boundary value problem
can be expressed in the first order form
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Y =1(y) (54)

! /) ! /! n T
y:{u7uﬂv7v7v7v 7W7W’W7W 7070} (55)

The equilibrium equations are solved using continuation and bifurcation software (Doedel et al., 1997). With
the trivial equilibrium as the initial solution and the boundary misalignment as the continuation parameter,
the evolving equilibrium solution is followed as the misalignment changes. The critical buckling misalignments
at which non-planar equilibria bifurcate from the planar equilibrium are detected. By switching branches at
the bifurcation point, the bifurcated branch is followed and the non-planar post-buckled shape is determined
for increasing misalignment. The stability of the branches is simply given in this paper with a more detailed
discussion of its determination given in Part II of this work (Orloske and Parker, this issue).

The baseline numerical values of the system parameters are given in Table 1. Unless otherwise stated, these
parameter values are used.

3.1. Planar equilibrium solutions
When continuation is performed in the misalignment parameter @, one equilibrium solution of the beam

remains planar (v = 0 = 0) with no cross-sectional twist or transverse deflection in the E, direction. The effect
of translation speed on the planar equilibrium is assessed by using the translation speed ¢ as the continuation

Table 1
Baseline values of system parameters
Dimensionless variable Baseline value
c 0.3
P 0.002
By 0.001
Pe 0.0015
e 0.0019
_}',7 0.0019
]‘g 0.000019
u 0.0029
0.5
0.45F+ i
04t .
0.35F B
0.3} i
= o025 E
0.2 1
0.15}F B
a =0.0100
0.1k a =0.0075 i
a = 0.0050
0051 a=0.0025 T
0 Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9 10

non-dimensional speed, ¢

Fig. 5. The Ly-norm of planar equilibrium solutions for different misalignments.



4310 K. Orloske et al. | International Journal of Solids and Structures 43 (2006) 42974322

parameter. Fig. 5 illustrates this effect for four different misalignments. The L,-norm of the state vector y in
(55) is defined by

Iyl =

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 6. Selected planar equilibrium solutions for ¢ = 0.005.
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nondimensional speed, ¢~ 1.0288

Fig. 7. Critical misalignments and speeds where non-planar equilibria bifurcate from the planar equilibrium.
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where the y; are components of y. In Fig. 5 the planar solutions for the selected misalignments undergo
little change for speeds up to approximately ¢ = 5. When the speed is increased further the solutions change
rapidly. As misalignment is increased, this region of rapid change occurs at lower speeds. This implies that the

0.2
0.014
0.18 - 0.012 7
0.01
©  0.16 | 0.008 ]
< 0.006
©
£ 014} o004 7
c
=) 0.002
<
g 0121 o, 02 04 06 08 1 i
£ x10°3
& o1t 1
i)
(2]
$ o008} c=0 1
=03

% ¢ c=0.6
= 0.06 b
S
c

0.04 c=09 b

0.02 T

0 ‘ :
0 0.005 0.01 0.015

flexural stiffness ratio, fn

Fig. 8. Influence of the flexural stiffness ratio on the lowest critical misalignment.
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non-dimensional misalignment, a

Fig. 9. The first four bifurcation branches for four different translation speeds. The dashed curves represent ¢ = 0, the solid curves ¢ = 0.3,
the dash dot curves ¢ = 0.6, and the dotted curves ¢ = 0.9. Point s is at the same misalignment as point b. Points e and q lie on the solid
curves and point b lies on the dashed curve. The planar solution lies along the abscissa.
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Fig. 10. The solution at point g in Fig. 9. In the three-dimensional plot, the width of the beam is set to 0.04 to show cross-sectional
rotation.

influence of translation speed on the planar equilibrium solution occurs at lower speeds as the misalignment is
increased.

Fig. 6 shows three solutions for a misalignment of ¢ = 0.005 and illustrates how the planar equilibrium
changes as speed is increased. As the translation speed increases, the shapes of the # and w solutions change
and the magnitude of the u solution increases rapidly, although it remains small compared to w.



K. Orloske et al. | International Journal of Solids and Structures 43 (2006) 4297-4322 4313

-5 -3
1x10 ) 15 x 10
0.5 1
0.5
s 0 >
0
-0.5 05
-1 -1
0 02 04 06 08 1 0 02 04 06 08 1
X X
-3
x 10
151 0.03
0.02
10 0.01
@ 0
35
-0.01
0 -0.02
0 02 04 06 08 1 _0'030 02 04 06 08 1
X X
-3
x10
2
1.5
1\
w05
0
-0.5 J
-1
>
0.04

-0.01
0027

Fig. 11. The solution at point q in Fig. 9. In the three-dimensional plot, the width of the beam is set to 0.04 to show cross-sectional
rotation.

The critical buckling misalignments occur when new equilibria bifurcate from the planar solution. The
bifurcated equilibria are non-planar. Fig. 7 displays these critical misalignments for translation speeds of
0 < ¢ < 1.3. The critical misalignments all decrease monotonically with increasing speed. The rate of decrease
accelerates at higher speeds, indicating that the effect of speed on the critical misalignment is more pronounced
as speed increases. In addition, the critical misalignments approach zero for large speeds. The speeds at which
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Fig. 12. The solution at point r in Fig. 9. In the three-dimensional plot, the width of the beam is set to 0.04 to show cross-sectional
rotation.

the critical misalignment loci touch the abscissa in Fig. 7 are the critical speeds for zero misalignment. As will
be discussed in Part IT (Orloske and Parker, this issue), these zero misalignment critical speeds are the same as
the well-known critical speeds common in the axially moving materials literature, that is, the speeds at which
an eigenvalue of the dynamic equations linearized about the trivial solution vanishes. The first zero misalign-
ment critical speed corresponds to the speed at which the trivial equilibrium becomes unstable and occurs at
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¢ = 1.0288. For speeds less than ¢ = 1.0288, planar equilibrium stability is lost at the first branch point for
increasing misalignment. For example, at a speed of ¢ = 0.3 the critical misalignment is @ = 0.0122. The region
in the lower left of Fig. 7 indicates the region where the planar equilibrium is the only one, and it is stable.

The critical misalignment loci in Fig. 7 consistently cross in pairs of two. This causes the post-buckled
shapes to change the order in which they occur. For example, when the misalignment ¢ = 0.004 is specified
and speed is increased, the first two detected critical speeds correspond to particular post-buckled shapes.
If instead the misalignment is @ = 0.002 and speed is increased, the occurrence of the post-buckled shapes
exchanges order.

In addition to speed, the flexural stiffness ratio f3, (see (45)) greatly influences the critical misalignment. One
expects that as the beam becomes more compliant in the e;—e; plane (i.e., small 8,), the critical misalignment
decreases. This expectation is supported in Fig. 8, which demonstrates that as the ratio of flexural stiffnesses
approaches zero, the lowest critical misalignment approaches zero in a manner asymptotic to the vertical axis
(inset of Fig. 8). The shape of the loci for f, = 0 shows that even for infinitesimal f,, a finite misalignment is
required to buckle the beam for any speed. For higher flexural stiffness ratios the curvature of the plot
changes, eventually reaching a point of high slope that suggests each speed has, at least in practical terms,
a maximum stiffness ratio above which no flexural-torsional buckling occurs. For all flexural stiffness ratios,
translation speed decreases the critical misalignments, and its impact increases with increasing speed. This is
illustrated by observing that the difference between two adjacent curves increases as speed increases.

3.2. Out-of-plane equilibria

When continuation is performed in misalignment, the planar equilibrium solution experiences pitchfork
bifurcations at the critical misalignments. The two bifurcated equilibria are out-of-plane solutions. The
Lr-norms of the individual deformation components of y in (55), |[y;|| = ( 01 y2dx)'/?, are used to describe
the out-of-plane solutions.

The first four bifurcation branches for translation speeds of ¢ =0, 0.3, 0.6, and 0.9 are shown in Fig. 9. The
symmetry of the system about the E;—E; plane is reflected in the symmetry of the pitchfork bifurcation

geometric torsion

0.4 T T T T T T T T T

02 E

de/dx
o

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 13. Plot of the components of k. for the solution at point g in Fig. 9.
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Fig. 14. Ly-norms of the deformation components for the first two bifurcation branches for varying misalignment when ¢ = 0.3. ||u|| is
shown at the bottom on an expanded scale. The dotted line corresponds to the planar solution.

branches. The solution along one branch is identical to the solution along the other branch except the out-of-
plane solution components v and 0 are reflected such that o(x) becomes —o(x) where o« = v, 0. With the mea-
sure ||0]] the two out-of-plane branches of the pitchfork bifurcation lie on top of one another.

To obtain the form (54), the equilibrium equations are solved for the highest derivative terms. The resulting
four equations for u”, o'V, w!, and 6" involve quotients. For certain out-of-plane solutions, the denominator
of one of these quotients approaches zero. These singularities cause loss of convergence during continuation
along the bifurcated branches. This limits the distance one can travel along the out-of-plane solution branches
using continuation. The singularities occur where the branches stop in Fig. 9.

Solutions on the first three branches for the baseline translation speed ¢ = 0.3 are plotted in Figs. 10-12.
For speeds up to approximately ¢ = 0.9 these post-buckled shapes change only slightly for the range of
misalignments explored. This is reflected in Fig. 9 where for speeds of ¢=0, 0.3, and 0.6 all four
branches have almost identical shapes. Generally, the v and 0 components of the out-of-plane solutions ex-
hibit sharp change near the boundaries due to the clamped-clamped boundary conditions. Beam stresses
will be highest near the boundaries during flexural-torsional buckling. This sharp change causes the higher
derivatives of v to no longer be small near the boundaries. Recall that in the ordering scheme used to sim-
plify the equations of motion, v and its derivatives are assumed to be small, so the validity of the ordering
scheme breaks down near the boundaries for solutions further out on the branches. This may relate to the
singularities noted above, in which case, including higher order terms would enable further travel on the
branches.
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Fig. 15. Bifurcation branches obtained by performing continuation in speed from the labeled points in Fig. 9. Point t is at ¢ = 1.3.

To check whether assumption {17} holds along the branches, the geometric torsion is compared to 6.
Fig. 13 shows an example of this comparison for the solution in Fig. 10. Note that the geometric torsion is
two orders of magnitude lower than 0. This result is typical for the out-of-plane solutions encountered in this
work.

The values of |||, where o = u, v, w, 0, show how the deformation is distributed among the various degrees
of freedom. Fig. 14 illustrates this comparison for the first two bifurcation branches with ¢ = 0.3. Although
the first two post-buckled shapes look very different (Figs. 10 and 11), Fig. 14 indicates the various L,-norms
are similar for the two branches, which suggests the deformation is distributed among the degrees of freedom
in a similar manner. The variation in ||w| from the planar solution is extremely small indicating the w com-
ponent of the out-of-plane solution undergoes very little change when moving from a planar solution to an
out-of-plane one. This is consistent with the solutions in Figs. 10-12. In contrast, ||u|| varies from the planar
solution by first decreasing and then, for greater misalignments, increasing above that of the planar solution.
For the distance traveled on the bifurcation branches, the magnitude of ||v]| is always much greater than the
change in ||w|| compared to the planar solution (solid versus dashed lines). This is due to small f5,. At buckling,
nearly all additional bending deflection is in the compliant E, (v) direction; there is virtually no change in w
relative to the planar solution as a result of buckling.

Fig. 15 explores the effect of buckling the beam into the first out-of-plane equilibrium by increasing mis-
alignment past the critical value for a given speed and then increasing translation speed for fixed misalignment.
The labeled points in this figure correspond to the labeled points in Fig. 9. Points at the top of the plot where
the solution branches end are due to singularities that prevent further continuation. For speeds less than
approximately ¢ = 0.9, the shapes of the equilibrium solutions remain fairly unchanged as speed is increased.
For higher speeds, the post-buckled shape changes, and this is reflected in the curves changing shape at the
right of Fig. 15. The equilibrium solution at point t from this region is given in Fig. 16. In contrast to the lower
speed regime, the post-buckled shape at point t in Fig. 15 experiences a less localized change at the boundaries
and a greater share of transverse deflection v compared to cross-sectional twist 6. This trend may possibly oc-
cur at lower speeds and higher misalignments (for example branches i, j, k, / in Fig. 15) but the singularities
prevent exploring this.
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Fig. 16. The solution at point t in Fig. 15. In the three-dimensional plot, the width of the beam is set to 0.04 to show cross-sectional
rotation.

The post-buckled shapes may be arrived at through different sequences of misalignment and speed. For
example, the solution at point s in Fig. 9 can be reached by setting ¢ = 0.3 and then increasing misalignment
such that one travels along the first out-of-plane solution branch in Fig. 9. Alternatively, the same solution can
be obtained by first setting ¢ = 0 and then increasing misalignment such that one travels along the branch in
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Fig. 9 to point b. Then, by increasing speed from point b, Fig. 15 illustrates that point s is reached when
c=0.3.

4. Conclusions

A nonlinear model is formulated to describe the motion of a translating, tensioned beam in three-dimen-
sional space. The model accounts for geometric and inertia nonlinearities arising from flexure in two planes,
torsion, and extension. The equations of motion indicate:

e Under the pulley misalignment boundary conditions of interest, the full nonlinear equations of motion
occur in an unbalanced (although well-posed) form with fewer boundary conditions than total order of spa-
tial derivatives. This form precludes use of standard numerical techniques. By neglecting geometric torsion
and using a physically appropriate ordering scheme, the equations of motion reduce to a balanced form in
which the number of boundary conditions matches the number of spatial derivatives.

e Under appropriate simplifying assumptions, the equations of motion reduce to equations in the literature
for flexural-extensional motion of a translating, tensioned beam.

Continuation and bifurcation software is used to obtain equilibrium solutions for ranges of speed, misalign-
ment, and flexural stiffness ratio. The equilibrium solutions indicate:

e When pulley misalignment occurs at speeds where the trivial equilibrium is stable, the initial equilibria are
planar with no cross-sectional twist or out-of-plane transverse deflection. The critical misalignments at
which new equilibria bifurcate from the planar equilibria decrease monotonically with increasing transla-
tion speed. The impact of speed on the critical misalignments is more pronounced as speed increases.

e The first critical misalignment is strongly influenced by the flexural stiffnesses ratio, f8,. For infinitesimal f,,
a finite misalignment is required to buckle the beam for any speed, while at high f, the results suggest there
is a maximum stiffness ratio above which no flexural-torsional buckling occurs. For the entire range of f,,
considered, the first critical misalignment remains strongly influenced by translation speed, and this influ-
ence is more pronounced as speed increases.

e At each critical misalignment a pitchfork bifurcation occurs. The pitchfork branches represent out-of-plane
post-buckled configurations. Out-of-plane buckling deformation is predominantly transverse deflection in
the compliant plane and cross-sectional twist. The solutions indicate sharp curvature and hence high stres-
ses near the boundaries. Out-of-plane equilibria display small geometric torsion relative to cross-sectional
twist, consistent with the assumptions, and minimal change in in-plane transverse deflection compared to
the planar solutions.

Appendix A

The expressions for the G, in (49) are

~ . . 1 ¢
G, = A,c08°0 + Ay sin 0cos 0 + A,z8i0%0 + Ay — + Ays ﬁ, o=1u,v,w
2u B,
5 (A.1)
@0 = Ag1c0820 + Agr cos Osin 0 + Ag3sin®0 + Agg + Ags—

:Bn
where the A,; are
Ay = —{[WOV" 4+ 0 (0" + w0+ W00+ 00) + 0 (WO + 20" + w'0)]c +w0r
+ (0 + W@)}jC —{WW" — 00" = OW'|E + W (=00 + 2w — 0"0) — ' (W0 + wb)]c
+w (W — 00) — O}, + WO+ (v +w'0)]B, (A.2)
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Ay = {[W(=0" = 2w"0) — ' (W" —20'0")] + 2w (—w' 0 — 0" — w"0) + 20 ("0 — w" + v'0)]c
— w/(2v{/’9 +0) + v/(213’9 — vi}’)}jl +{W "+ 2w 0 (W — 200")]c?
+ 2w (WO + 0+ W' 0) = 20 ("0 — W+ 00)]e + w (2wl + 0) — o/ (200 — W)},
+ [w/(vﬁ/ + 2W//0/) + D/(W/// _ ZG,U/,)]ﬁg

A = —{WW" = 00") = /OW'|3 + [W (=00 + 20" — 0"0) — ' (W0 + w'8)]c + w (W — v/0)
— 00w }j, — (WO + 0 (0" + w0+ W0+ 00 + (WO + 20"+ w'0)]e + w v
+ U,(l')'/ + W/H) }jﬂ + [ /( /" H/U//) U/elwl/]ﬁC

1 3 3
Ay = —59'2(—2 +w? + ) B, + [(—2u = 2)* = 2ite — v —w? 4+ 2u — = wt — =

+w? (1 —2u — ;1)/2> +0(1 = 2u) + 20
Ays = =W (—=w" + 0V") + V0W'|cos?0 — [wW (0" + 2w"0') + ' (W" — 20'v")] cos O sin O
+ WO + o (v 4 w'0)]sin’0 — 19/2(—2 + w20
Agy = [(0" + W0 + (WO + w0+ 20")c + w0+ 0]j, — (0 + 0 c)(w +w'e)j, — (" +w'0)p;

A = —[200" — w")P + 200 —w' +0"0)c + 200 — W),
_ [( " 20/ //) (_1},0/ + M;,, _ U”O)C _ 21],0 + ".‘;/]jq ( 1" 20/ H)ﬁ

Ay = =0+ 0c) W +w'e)j + (" +w0)e + (w0 + 20" + w'0)c +wl + v]j, + w0 B,

A = V0% uB; + 2p(—ic — ' + V') + 0 + (W? + 20 )/

. . 1
Aus = W'0'cos?0 + (w" — 20"0')sin O cos 0 + (—v” — w"0)sin’0 + 3 v'0?
A = 0+ 0c) (0 + 'c)j. + (W' = 00") + (2w — 00 — v"B)c — 70 + W), — V0B
1 . . T
Awp =12 [(E v+ w”(?') A+ WO+ +w)e+wo+ Ev/]jé
1 . . . R
-2 [(2 v+ w"()') &+ WO+ v +w0)e+wo+ EU’}jn — (" +20w"0)B;

Az = [(W" = 00)? + (=00 + 20" — v"O)c — 00 + W]j. + (0 + 0'c) (v + v"c)j, — (W — O0")B;

Ay = WOy +2u(—w'c* — e +w) +w" + (24 + o)W

Ays = —(W" — 0"0")cos?0 + (v + 2w"0) sin O cos O — v"'0/sin’0 + %W’H’z

Ay = 20, = 20, JO W 170

Ap = 2(1)”2 —w?)B + 2[(W" + w)e + v + w[(v" — W)+ 0 —w](i, — j;)

Agy = 20"W' B, +2(j, — J) W +w'e) (v + 'e)

Aps = 2WwW'0 + 200"0" + (2 + % + W+ 20)0" + 2u"0'] B, — —2(0+ 20c+0'c *)je + 20" B-

Ags = 20"w"cos?0 — 2(v"* — w'?) cos Osin  — 20" w"sin’0 + 2w'w" ¢/

+ 2000 + (2u + 0+ w? +2p)0" + 20"

(A.8)
(A.9)
(A.10)

(A.11)

(A.12)
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The expressions for the H,in (50) are

H, = I,;c0s20 + I, sin 0 cos 0 + I,3sin°0 + 1,4 &, o=u,v,w
~ 5. . Py (A.22)
Hy= —(ﬁg ﬁi)( +2v +2w +u>6 +(0+0¢)jc— B0
where the I1,; are

M, =0'V"B, — [/ (v + "e)j, + W (W +w'e)j,]c (A.23)
Mo = (W' + 0w, + (j, — i) [(WV" +v'w")e + v'w + o'w']e (A.24)
s = ww'B, — [W(W +w'c)j. +v' (v + v'e)j,le (A.25)
I,y = (W cos O — v sin0)(—v" sin 6 + w" cos 0) (A.26)
O, = "B, + (v + '¢)ji.c (A.27)
Mo = —w'B. — (W +w'c)(j, — ji)e (A.28)
s = (v +v"c)j,c (A.29)
1,4 = sin (W’ cos 6 — v sin 6) (A.30)
I, = (W +w'e)j,c (A.31)
I, = —v"p, — c(j, —j) (W + ") (A.32)
M, = —w'B, + (W +w'c)j.c (A.33)
1,4 = cos O(—w" cos 0 + v" sin 0) (A.34)
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